Abstract. In this paper, a 3D autonomous system, which has only stable or non-hyperbolic equilibria but still generates chaos, is presented. This system is topologically non-equivalent to the original Lorenz system and all Lorenz-type systems. This motivates us to further study some of its dynamical behaviors, such as the local stability of equilibrium points, the Lyapunov exponent, the dissipativity, the chaotic waveform in time domain, the continuous frequency spectrum, the Poincaré map and the forming mechanism for compound structure of its special cases. Especially, with the help of the Project Method, its Hopf bifurcation of codimension one is in detailed formulated. Numerical simulation results not only examine the corresponding theoretical analytical results, but also show that this system possesses abundant and complex dynamical properties not solved theoretically, which need further attention.
Introduction
Since the first eminent chaotic attractor was in 1963 found in a simple mathematical model of a weather system which consists of three link nonlinear differential equations, i.e., the Lorenz system [18, 28] , the study of chaotic behaviors in nonlinear systems has attracted great attention due to many of possible applications in various fields of science and technology, including fluid mixing [23] , secure communication [1] , heating [29] , and some other scientific and engineering applications [2] . In addition, desirable research interests have been made in not only searching for new chaotic attractors (such as the Chen system [8] , the Lü and Chen system [19] , the Lorenz system family [3] , the conjugate Lorenz-type system [16] , [37] , etc.) or studying chaos control and chaos synchronization [10] , but also theoretically analyzing the local and global characteristics which are essential for the better understanding of what is meant by chaos. In particular, concerning the Chen system [9, 13, 14, 15, 21] , the Lü system [38, 39] , and others [11] , there have been some detailed bifurcation analysis like pitchfork bifurcation, Hopf bifurcation, homoclinic bifurcation, tangent bifurcation, and some other complex dynamical behaviors, which all show that those systems have rich nonlinear dynamics and are of significance in practical applications.
It should be noted that one commonly used analytic criterion for generating and proving chaos in autonomous systems is based onSilnikov's fundamental work [26, 27] and its subsequent embellishment and slight extension [25] . All the excellent results require such systems to have at least an unstable equilibrium. Indeed, in 1976, Rössler conducted important work that rekindled the interest in low-dimensional dissipative dynamical systems [24] , then Sprott embarked upon an extensive search for autonomous 3D chaotic systems with fewer than seven terms in the right-hand side of such models. He considered general 3D ordinary differential equations with quadratic nonlinearities and found by computer simulation 19 simple 3D quadratic autonomous chaotic systems with none, one equilibrium or two equilibria [29, 30, 31] .
Among these chaotic systems, an interesting phenomenon has been found that some 3D autonomous chaotic systems have three particular fixed points: 1) one saddle and two unstable saddle-foci, for example, in the Lorenz system [18] , the Chen system [8] , the Lü system [19] , and the conjugated Lorenz-type system [37] ; 2) one saddle and two stable fixed points, such as in [36] ; 3) two unstable saddle-foci, such as in the original Rössler system [24] and the diffusionless Lorenz system [33] .
These systems, together with some of other known systems, basically demonstrate the point of view that those systems generating chaos have at least an unstable equilibrium point. Therefore, researchers can not help asking a question: whether or not are there 3D autonomous chaotic systems only with stable equilibria and at most six term including nonlinearities such that the topological structures of such chaotic systems are different? So far, Wei and Yang [35] have found such a 3D chaotic system with six terms including two nonlinear terms, one of which has the form of exponential function, namely, the following 3D autonomous system:
where a, b, m and n are real numbers. Whether or not are there other simpler 3D autonomous chaotic systems with such properties? Motivated by the former work and this question, in this paper we introduce the following 3D chaotic system with such properties:
where a, b > 0 and e > −1, are real numbers. Obviously, the nonlinear terms of this system are not of exponential type [35] but polynomial type with three quadratic terms. It will be demonstrated in the sequel that this system may generate a double-scroll chaotic attractor under the different parameters which show the different types of equilibria: 1) all of its equilibria are unstable (trivial case); 2) all of its equilibria are non-hyperbolic (new case); 3) all of its equilibria are stable (nontrivial case).
The terms in the right hands of the system (1.1) are the polynomials with the orders not large than two. Relatively speaking, the system (1.1) is simpler than the system [35] with exponential function as nonlinear term.
Compared with the known Lorenz-type system, it is easy to see that the system (1.1) is not a special case of the unified Lorenz-type system [37] and possess different topological structure. Indeed, according to the work ofČelikovský and Chen [3, 4, 5] , the generalized Lorenz system has the following form:
where x = (x 1 , x 2 , x 3 ) T , λ 3 ∈ R, and B is a 2 × 2 real matrix
with the eigenvalues λ 1 , λ 2 ∈ R, satisfying λ 1 > 0 and λ 2,3 < 0. If one denotes the generalized Lorenz system by the sum of the linear part and the nonlinear part, i.e.,ẋ = Ax + F (x), where A = (a ij ) 3×3 , then, for the coefficient matrix A, the Lorenz system satisfies the condition a 12 a 21 > 0 while the Chen system satisfies the condition a 12 a 21 < 0 (So, the Chen system is called a dual system of Lorenz system in the sense defined byČelikovský and Vaȇcek [6, 7] ), and the Lü system [32] satisfies the condition a 12 a 21 = 0, representing the transition between the Lorenz system and the Chen system. The system (1.1), however, correspondingly takes this forṁ
which contains the chaotic system proposed by Munmuangsaen and Srisuchinwong [22] when a = 5, b = 90, e = 0 (At this time
and the Hopf bifurcation does not occur in the special system). It is immediately clear that the system (1.1) is not topologically equivalent to the original Lorenz system or the other Lorenz-like systems. We find that, anyway, when (a, b, e) = (7, 50, 1), the system (1.1) has the following Lyapunov exponents: By comparing the structure of these chaotic attractors in Fig. 1.2 , one can find that the structure of the chaotic attractor in the system (1.1) is completely different from that in the Lorenz system [28] or the Chen system [8] or the Lü and Chen system [19] , the Yang and Chen system [36] etc. This discovery motivates us to further study what kind of new dynamics this system possesses. Generally speaking, it is relatively easy to understand that the instability of equilibrium (equilibria) in a system may lead to the occurrence of chaos. However, the system (1.1) still produces chaos although its two equilibria are stable 1 . Therefore, some physical essences for chaos need people's thorough understanding.
The fact that a system with only stable equilibrium point (points) still may generate chaos maybe provides some new insights into the forming mechanics of chaos. This is also our main purpose to present this paper. Aiming to contribute to the better understanding for the dynamics of this new chaotic system, we present some new results that the system (1.1) can produce chaotic attractor coexistence with three types of equilibria: saddle-foci, non-hyperbolic and stable.
The rest of this paper is organized as follows. In Section 2, the local stability and bifurcation of the system are presented, especially for the computation of Hopf bifurcation of codimension one. Some other dynamical properties, such as the Lyapunov exponent, the dissipativity, the chaotic waveform in time domain, the continuous frequency spectrum, the Poincaré map and the forming mechanism for compound structure of its special cases, the coexistence of chaotic attractor with three type of equilibria: saddle-foci, non-hyperbolic and stable, and the sensitivity condition for the dynamics of the system with fixed parameters values, are formulated in Section 3. The forming mechanism of its compound structures are also demonstrated in Section 4. Finally, a conclusion is drawn in Section 5.
2. Local stability and Hopf bifurcation of the system (1.1) 2.1. Equilibria of the system (1.1)
The equilibria of the system (1.1) are the solutions of the following system of algebraic equations
which reads
, 0) and
, 0).
Local stability of S ±
Noticing that the system (1.1) is invariant under the change of coordinates (x, y, z) → (−x, −y, z), i.e., symmetric with respective to the z-axis, it follows that the stability of the equilibrium S − can be obtained from the one of S + . It suffices to investigate the behavior of S + .
Lemma 2.2.1. The following statements are true.
(i) If −1 < e < −0.5, then S + is stable.
(ii) If e > −0.5, then S + is unstable.
Proof. Set
Then all principal minors of H are as follows.
By the Routh-Hurwitz criterion, the above consequence can be directly derived.
Lemma 2.2.1 immediately yields to the following conclusion. The above numerical observations show that small changes in the initial conditions of the system may cause big difference of its trajectories. For different initial conditions, the trajectories converge to different attractors. The above simulations also verify that, even though all of equilibria of the system (1.1) are stable, its trajectories can converge to two types of attractors (chaotic attractor or stable equilibria). The z-coordinate of the three attractors shows the sensitive dependence on its initial values (see Fig. 3.4(d) ). It is very interesting to consider the compound structure of a chaotic system [20] . Compound structures of the system (1.1) may be demonstrated using a half-image operation to obtain only the left or the right half-image attractors, both of which can then be merged together as a compound structure. Such an operation can be revealed through the use of a controlled system of the form:
where u is a control parameter, and (a, b, e) = (7, 50, 0.1). 
Hopf bifurcation of S ±
It follows from Lemma 2.2.1 that there is an occurrence of bifurcation at S + for e = −0.5. Namely, e = −0.5 is a critical value, denoting e 0 = −0.5. Then, what kind of bifurcation is it? Next, one will positively answer the question.
For e = e 0 , it is not difficult to deduce that Eq.(2.2) has a pair of conjugate purely imaginary roots λ 1,2 = ± √ 2bi and one negative real root λ 3 = −a. So, S + is then non-hyperbolic. From the Center Manifold Theorem, at the equilibrium point S + , a 2D center manifold is well-defined and it is invariant under the flow generated by the system (1.1) (see [12] P 152 ). In view of Hopf bifurcation theory, one cane see that a Hopf bifurcation will occur at this time.
Lemma 3.1.1. The system (1.1) will undergo a Pioncaré-Andronov-Hopf bifurcation (or simply, Hopf bifurcation) at S + when e = e 0 .
Proof. Taking into account that Re(λ 1 ) = 0 at e 0 , one obtains
So, the transversality condition holds, which, together with Re(λ 3 ) = −a = 0, reads that all conditions for Hopf bifurcation to occur are satisfied. Consequently, the Hopf bifurcation happens at S + when e = e 0 .
In view of the Hopf theorem [12] , this gives rise to the birth of a closed orbit near the equilibrium point S + at e = e 0 , which has initial period given by T = 2π ω , where ω = Im(λ 1 ) = √ 2b. Then, how about the stability of the closed orbit? Now, one continues to study the direction of the Hopf bifurcation by utilizing the Project Method described in [12] .
Consider the differential equation
where x ∈ R 3 is a vector representing phase variables and α ∈ R is a parameter variable. Assume that F is of class C ∞ in R 3 × ∈ R, whose components have Taylor expansion in x starting with at least quadratic terms, F = O(||x|| 2 ). Suppose ((0,0,0), 0) is an equilibrium point of (2.3) where the Jacobian matrix A has a pair of purely imaginary eigenvalues λ 2,3 = ±iω 0 , ω 0 > 0, and admits no other eigenvalue with zero real part. Let T c be the generalize eigenspace of A corresponding to λ 2,3 . By this it is meant the largest subspace invariant by A on which the eigenvalues are λ 2,3 .
Let p, q ∈ C 3 be vectors such that
where A T is the transposed of the matrix A. Any vector x ∈ T c can be parameterized as x = zq +zq, where z = p, x . Then, Eq.(2.3) with α = 0 can be transformed into a single equation
where g(z,z, 0) = p, F (zq +zq, 0) with a formal Taylor series expansion in two variable z andz
where
Suppose that at α = 0 the function F (x, α) in (2.3) is represented as
where B(x, y) and C(x, y, z) are symmetric multi-linear vector functions of x, y, z ∈ R 3 . In coordinates, one has
and
Then, some Taylor coefficients in g(z,z, 0) can be expressed by the formulas
and the first Lyapunov coefficient is defined as
Re(ig 20 g 11 + ω 0 g 21 ).
A Hopf bifurcation point ((0,0,0), 0) is an equilibrium point of (2.3) where the Jacobian matrix A only has a pair of purely imaginary eigenvalues λ 2,3 = ±iω 0 with ω 0 > 0, and the other eigenvalue with non-zero real part. At a Hopf point a two dimensional center manifold is well defined, it is invariant under the flow generated by (2.3) and can be continued with arbitrary high class of differentiability to nearby parameter values.
A Hopf point is called transversal if the parameter-dependent complex eigenvalues cross the imaginary axis with nonzero derivative. In a neighborhood of a transversal Hopf point with l 1 (0) = 0 the dynamic behavior of the system (2.3), reduced to the family of parameter-dependent continuations of the center manifold, is orbitally topologically equivalent to the following complex normal form ω = (η + i)ω + l 1 ω|ω| 2 , where ω ∈ C, η, l 1 are real functions having derivatives of arbitrary higher order, which are continuations of 0, ω 0 and the first Lyapunov coefficient at the Hopf point [12] . As l 1 < 0 (l 1 > 0) one family of stable (unstable) periodic orbits can be found on this family of manifolds, shrinking to an equilibrium point at the Hopf point.
One will employ the three-dimensional Hopf bifurcation theory and some computational results to perform the analysis of parametric variations with respect to dynamical bifurcations.
One is now in a position to evaluate the first Lyapunov coefficient of the system (1.1) at S + . Note that, corresponding to the system (1.1), one takes α = e − e 0 , not α = (a, b, e) T , regarding a, b as fixed in (0, ∞).
Lemma 3.1.2. The first Lyapunov coefficient of the system (1.1) at S + for e = e 0 is
Proof. When e = e 0 , S + = ( √ 2b, √ 2b, 0). Take the variable change
which transforms the equilibrium point S + to the origin O(0, 0, 0) and the system (1.1) into (2.5)
Using the notations in (2.3), one has
It is easy to see that A has a pair of conjugately purely imaginary eigenvalues λ 2,3 = ±iω 0 with ω 0 = √ 2b > 0 and a real eigenvalue −a. It is also easily obtained
By some tedious calculations, one finds that
Thereout, one has
Therefore, further computations lead to
, and g 21 = 0.
So, the first Lyapunov coefficient for Eq.(1.1) takes the value
Obviously, l 1 (0) > 0 for a, b ∈ (0, ∞), hence, the closed orbit should be unstable. Combining Lemma 2.3.1 and Lemma 2.3.2, one obtains the following Hopf bifurcation consequences.
Theorem 3.1.3. The system (1.1) respectively undergoes a Hopf bifurcation at S + and S − for e = e 0 with the first Lyapunov coefficient
So, the system (1.1) has two transversal Hopf points: S + and S − , which are unstable (weak repelling center for the flow of the system (1.1) restricted to the center manifold). Moreover, for each e < e 0 but close to e 0 , there exists an unstable limit cycle near S + and S − , respectively. 
Lyapunov exponent
It is known that Lyapunov exponent is the exponential rate of divergence or convergence near trajectories in the phase space. Anyone system containing at least one positive Lyapunov exponent is to be defined to be chaotic [34] . When (a, b, e) = (7, 50, 1) and the initial values (x 0 , y 0 , z 0 ) = (1, 1, 1) , the Lyapunov exponents of the system (1.1) are found to be L 1 = 1.139490, L 2 = 0.000057 and L 3 = −8.138626 as mentioned above. In addition, the Lyapunov dimension of the system (1.1) is fractional as described by
Dissipativity
The divergence of flow of the dynamic system (1.1) is As a > 0, the system (1.1) is a dissipative one with an exponential rate of contraction as dV dt = exp(−a).
In other words, a volume element V 0 becomes smaller by the flow into a volume element V 0 exp(−at) in time t. Each volume containing the trajectories of this system shrinks to zero as t → ∞ at an exponential rate −a. The orbits in this system are ultimately confined into a specific motion settling onto an attractor of the system [17] .
Time domain, frequency spectrum, Poincaré map and bifurcation
When (a, b, e) = (7, 50, 1) and the initial value vector (x 0 , y 0 , z 0 ) = (1, 1, 1), Fig. 2.1(a) shows an apparent chaotic waveform y(t) of the system (1.1) whilst, in the frequency domain, an apparent continuous broadband spectrum log |y| of the system (1.1) is shown in Fig. 2.1(b) in the time domain. It can be seen from Fig. 2 that the new system exhibits chaotic behavior. Figs. 2.2(a), (b) and (c) visualize the Poincaré maps in the planes where x = 0, y = 0 and z = 0, respectively. Several sheets of the attractors are displayed. It is noticeable that the Poincaré maps of many chaotic systems such as the generalized Lorenz system (GLS) [3] only show a branch with several twigs. The Poincaré maps in Figs. 2.2(a) and (b) , however, consist of virtually asymmetrical branches and a number of nearly asymmetrical twigs. In Fig. 2.2(c) , it is clear that few sheets are folded. As an example, Fig. 2 .2(d) shows a bifurcation diagram exhibiting a period-doubling route to chaos of the peak of z ('z max') of the system (1.1) versus the parameter b which is varied from 20 to 60. There are some periodic windows in the chaotic region. The chaotic behavior disappears quickly if b < 0. It is apparent from Fig. 4 that 'z max' is the highest near b = 50. Similarly, 'x max' and 'y max' in bifurcation diagrams are also the highest near b = 50. As a result, the value of b described in the system (1.1) has been chosen to be 50.
Chaotic attractor coexistence with three types of equilibria
By using several traditional ways of describing chaotic attractor, we will show that this system is indeed chaotic. (Note that the system (1.1) has a chaotic attractor if L 1 > 0, L 2 = 0 and L 3 < 0.) Moreover, numerical simulations illustrate that this system possesses complicated and unusual dynamical behaviors despite of its simple form.
When the parameters a = 7, b = 50 and e varies, we analyze the evolution process of this system and dynamical behavior with the initial values (1, 1, 1) .
For the parameter e = 0.5, a double-scroll chaotic attractor is displayed with the Lorenz-like shape in Fig. 3.1(a) together with the corresponding exponents in Fig. 3.1(b) . At this time, the eigenvalues λ 2,3 = 1.6658 ± 8.0609i indicate that the equilibria S ± are both unstable.
For the parameter e = −0.5, one observes that the system (1.1) has a chaotic attractor (see Fig. 3 .2), with the characteristic values λ 1 = −7 and λ 2,3 = ±10i, which says two non-hyperbolic equilibria. Therefore, the equilibria S + and S − respectively have a local 1D stable manifold tangent to the eigenvector associated to the eigenvalue λ 1 and a local 2D center manifold tangent to the plane generated by the eigenvectors associated to two conjugate complex eigenvalues λ 2,3 .
For the parameter e = −0.54, another type of chaotic attractor can be observed (see Fig. 3.3(a) ) in this system. Its Lyapunov exponents also show that this system is chaotic. It is noted that, the chaotic attractor is nearly the same as the chaotic attractor plotted in Figs. 3.1 and 3.2, although both equilibria S ± are stable (because its characteristic values are λ 1 = −6.602, λ 2,3 = −0.1999 ± 10.2965i). Therefore, the system (1.1) has neither homoclinic orbits nor heteroclinic orbits joining S + and S − .
To clearly show the three types of chaotic attractors mentioned previously, we list the equilibria, the eigenvalues, the Lyapunov exponents and the fractional dimensions for typical parameter values in Table 1 . Now, consider the influence of the initial conditions on the dynamics of this system with the fixed parameters values. In particular, when we fix (a, b, e) = (7, 50, −0.54) and change the initial values slightly, dynamical behaviors of the system (1.1) may produce large variations in the long term. Besides the two stable equilibrium points, chaotic attractors of the system (1.1) also are obtained, which imply that chaos coexists with the two stable fixed points:
(i) A chaotic attractor with the initial values (−0.03, −5.1, −5.115) is shown as Fig. 3.4(a) . The Lyapunov exponents of the system are found to be L 1 = 0.902350, L 2 = −0.000178 and L 3 = −7.901210;
(ii) For the initial values (−0.03, −5.2, −5.1), its trajectories converge to the stable equilibrium S + (see Fig. 3.4(b) ) and the Lyapunov exponents of the system are found to be L 1 = −0.043117, L 2 = −0.171874 and L 3 = −6.784995; Table 1 Numerical analysis for several typical chaotic attractors of the system (1) with the parameter vector (a, b) = (7, 50) and varying e at the initial values (1, 1, 1) . With the help of computer observations, its gradual development processes are influenced by the parameter u as much as the initial values, which verify the complex dynamics behavior of chaotic system for a second time. In spite of those, we get the following statements by simulations under setting the initial value (1, 1, 1) .
Different dynamical behaviors can be summarized as follows: (i) When |u| ≥ 75, the system (4.1) converges to a point (see Fig. 4.3(a) ).
(ii) When 53 ≤ |u| < 75, the system (4.1) is the transition between the limit cycle and limit point (see Fig. 4.3(b) ).
(iii) When 29 ≤ |u| ≤ 53, the system (12) has limit cycles. Fig. 4 .3(c) shows a limit cycle at u = 40.
(iv) When 26.2 ≤ |u| ≤ 29, the system (4.1) demonstrates period doubling bifurcation. For example, see Fig. 4.3(d) .
(v) When 25.7 < |u| < 26.2, the system (4.1) demonstrates period three bifurcations. Refer to Fig. 4.4(a) . (ix) When 5 ≤ |u| ≤ 18.2, the system demonstrates partial attractors, which are bounded. Fig. 4 .4(e) shows a partially-left, dominantly-right, attractor at u = 10.
(x) When |u| < 5, the system exhibits a complete attractor. For example, Fig. 4 .4(f) shows the complete attractor at u = 1.
Conclusion
In this paper, a chaotic system is formulated with three nonlinearity in the form of quadratic terms. The new chaotic attractors coexisting with stable or unstable or non-hyperbolic equilibria are different from the other attractor in the Lorenz and Lorenz-type systems except the system [35] .
What we most want to formulate is the fact that, the system (1.1) with only stable or non-hyperbolic equilibria, simpler than the system [35] , still may generate chaos.
Theoretically, mainly, its Hopf bifurcation of codimension one is in detail considered.
Although the form of the system (1.1) looks simple, it has compound dynamical behaviors, which, by simulations, may be demonstrated in the terms of the Lyapunov exponent, the dissipativity with the existence of the attractor, the apparent chaotic waveform in time domain, the apparent chaotic continuous broadband frequency spectrum, the Poincaré map, and the bifurcation, etc.
Maybe these simulations are not too difficult, and similar work can also be found in [6, 17, 20] , etc. However, what we would like to state here is to show the forming mechanism of compound chaos structure by a detailed case. The strict theoretical verifications for the results simulated are still open by now. These simulation results also shows that the system (1.1) possesses abundant and complex dynamical properties not solved theoretically, which desire to be further investigated.
The fact, we state here, that a simpler system with only stable or nonhyperbolic equilibria still may generate chaos maybe provides some new insights into the forming mechanics of chaos, and is hoped to shed some light to final revealing the true geometrical structure of the amazing original Lorenz attractor, which is our willing to present this paper.
